DETERMINATION OF ALL THE SUBGROUPS OF THE
KNOWN SIMPLE GROUP OF ORDER 25920*
BY
LEONARD EUGENE DICKSON

Introduction.

The trisection of the periods of hyperelliptic functions of four periods, the
determination of the 27 lines on a general cubic surface, and the reduction of a
binary sextic to the canonical form 7' — U3, although apparently unrelated,
are not essentially distinct problems from the standpoint of group-theory,} since
each is readily reduced to the solution of an algebraic equation whose Galois
group is the same simple group of order 25920. This equation has been shown
to possess resolvents of degrees 27, 36, 40 (two essentially distinct ones), and
45, but none of degree < 27. The last result was established by JorRDAN by
an elaborate discussion based on GALOIS’s theory of algebraic equations. This
result is reéstablished in the present paper, which employs only pure group-
theory. All the results mentioned follow from the fundamental theorem (not
stated heretofore) that all the maximal subgroups of the simple G, are con-
Jugate with G, Gy Gogy Hyygy or G (§ 70).  These five groups, appear-
ing in different notations, play a fundamental réle in the memoirs of WiTTING
and BURKHARDT on the geometric and function-theoretic phases of the subject.

Not only in the applications, but also in the theory of groups, the known
simple group of order 25920 is of frequent occurrence. In the papers by

* Presented to the Society at the Boston meeting, August 31-September 1, 1903. Received
for publication August 25, 1903.

T JORDAN, Traité des substitutions (1870), pp. 316-329, 365-369, 666-667; Comptes Rendus
(1870), pp. 326-328, 1028 ; KLEIN, Journal de Mathématiques, ser. 4, vol. 4 (1888), pp.
169-176 ; WITTING, Mathematische Annalen, vol. 29 (1887), pp. 157-170 ; MASCHKE, 7bid.,
vol. 33 (1889), pp. 317-344 ; BURKHARDT, ibid., vol. 35 (1890), pp. 198-296 ; vol. 38 (1891),
pp. 161-224 ; vol. 41 (1893), pp. 313-343 ; DICKSON, Comptes Rendus, vol. 128 (1899), pp.
873-5; Linear Groups (1901), pp. 303-7.

1 Traité, pp. 319-329. As only typical cases are there treated, much is left for the reader to
supply ; the case d =9 is not mentioned.
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Wirring, MascHKE, KLEIN, and BURKHARDT, it appears as a quaternary, as a
quinary, and as a senary group of linear substitutions with numerical coefficients.
Furthermore, it appears in the papers by JORDAN and the writer * as a quater-
nary abelian group G, modulo 8, as a quinary, orthogonal group O,,,,  modulo
8, as a senary hypoabelian group modulo 2, and as a quaternary hyperabelian
group in the GF[2*]. Two sets of generational relations for it have been

given, with respectively G&,,, and G, in the foreground.*

Use is made of the results in the following papers by the writer:

1. Canonical forms of quaternary abelian substitutions in an arbitrary
Glalois field, Transactions, vol. 2 (1901), pp. 103-138.

II. On the subgroups of order a power of p in the quaternary abelian group
in the Galois field of order p", Transactions, vol. 4 (1903), pp. 371-386.

III. The subgroups of order a power of 2 of the simple quinary orthogonal
group in the Galois field of order p" =81+ 3, Transactions, vol.5 (1904),
pp. 1-38.

IV. Determination of all groups of binary linear substitutions with integral
coefficients taken modulo 8 and of determinant unity, Annals of Mathe-
matics, second series, vol. 5 (1903—4).

V. Two systems of subgroups of the quaternary abelian group in a general
Galois field, Bulletin of the American Mathematical Society, sec-
ond series, vol. 10 (1904), pp. 178-184.

To these reference will be made by the corresponding Roman numeral with a
subscript to indicate the page. Thus III, denotes page 8 of the third paper.

In the treatment of possible subgroups of certain orders in the interval 144—
1728, use is made of the papers t by HoOLDER, CoLE, LiNe and MILLER, in
which is determined the simplicity or compositeness of all groups of orders
< 2000.

Chiefly in the duplicate proofs, use is made of the lists of all transitive sub-
stitution-groups of a given degree, with the following reference numbers :

CoLg, 1, Bulletin of the American Mathematical Society, ser.
1, vol. 2, (1903), pp. 250-8.

CoLE, 2, Quarterly Journal of Mathematics, vol. 27 (1895), pp.
39-50.

MILLER, 1, Quarterly Journal, vol. 28 (1896), pp. 193-231.

MILLER, 2, Proceedings of the London Mathematical Society,
vol. 28 (1897), pp. 533-544.

* DICKSON, Proceedings of the London Mathematical Society, vol. 31 (1899), pp.
30-68; vol. 32 (1900), pp. 3-10.

t For references, see American Journal, vol. 22 (1900), p. 13. It may be noted that the
orders 792 =2%-3%-11 and 1008 =2¢- 32 - 7 were overlooked by BURNSIDE.
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MiLLER, 8, American Journal of Mathematics, vol. 20 (1898), pp.
229-241.

KunN, Manuscript list of the imprimitive groups of degree 15.

The following table (referred to as « the table ”’) gives the 114 types of non-
conjugate subgroups, other than itself and identity, of G, , a page reference
to their definition, the largest subgroup of G, in which a given subgroup is
self-conjugate, and the number of conjugaies within G to a given type.

oy | oo || e | oro | v St o
Gz III5 G&TG 45 I(; II382 }Ilos 240
& III, H, 270 | K IL, | H, 120
C, 130 Gy 40 @, | 140 G, 1296
C, 130 H,, 120 C, | 184 C,, 1080
(04 130 H,, 240 | K, | 185 G, 1080
c: | I, Gy 270 | D, | 185 K, 720
c: | III G, 1620 | D, | 185 &, 1080
& III, G, 405 G, | 186 G, 1080
K, | 1, H, 270 @, | 136 Gy 540
K | I, H, 270 G, | 136 H, 270
K | I, G 540 G, | II, Gy 27
G, 189 G, 1296 &, | I, J3, 810
C, 133 G, 360 | H, | I J3, 810
C, | 1338 K} 720 || A3, | IIL G,, 405
c; | 1338 K, 720 || J3, | IIL G, 405
c; 133 G, 1080 F, | I, Gy 270
D, 133 Gy 720 || K, | 137 K, 480
D, 133 H,, 240 K | 187 K, 720
D; 133 K, 720 K| 137 H, 240
G, 111, G 185 G, | 187 H,, 240
&, | 1II, Hy 210 | Hy | 137 K, 720
& 111, H, 185 | HY | 187 H, 120
m: | III, G, 405 g%, | 187 (& 720
K, 11, Jh o 810 G, | 140 G, 1296
J, 10, G, = 810 c, | 185 G, 360
Fro| III, G 90 G;, | 183 G, 1080
L, III,, e 1620 &, | 141 G 540
T, 11, (= 1620 L, | 141 G 540
C, I, | H, 960 T, 141 G, 540
K, IL, | G 160 @, | 142 H, 270
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Group. | Det. | ooteotl | Neme | Grow. | Det | SSted | o
@, | 142 H, 540 G | 148 G 360
L, | 142 @, 540 G, | 157 G 162
F, | 144 &, 360 Gy I, | G 160
F, | 144 G, 360 G, | 150 G s 90
Fro| 144 Gos 90 || J, 157 G 45
Gﬂ II377 0648 4 0 L 96 1 5 7 G576 4 5
H, I, | Gy 320 | H, | 136 H, 270
K, n, | H, 40 Gy | 158 G 120
G32 III5 G576 45 H;OS 1 30 H;Ms 40
JE, | IO, G, 405 | K, | 158 H,, 120
H:, | 11 G, 405 | K7, | 158 H,, 120
K: | 183 > 720 G, | 153 G 216
KX | 147 H,, 120 G, | 158 G, 216
G | 188 G 360 G | 157 G 162
Hy | 147 " 860 G 1L, G 160

. | 136 G 540 G, | I, G 135
G, | 143 H, 210 | H,, | 161 (e 45
H, | 148 H, 270 G, | 159 G 40
H, | 149 H, 270 | H, | 181 H,, 120
F, | 150 G 270 G | 147 (= 45
G, | 151 G 40 | H, | 163 H, 40
K, | 138 H, 240 G, | 163 Gao 36
K, | 151 H,, 120 G, | I, Gy 45
G, | II, G 216 G, | I, | @, 40
Gt"»o 153 G{L’O 21 6 H(-Ms II380 H;m 40
G, | I, G 185 G, | 163 G 36
G, | 133 G, 360 Gy | I, Geo 27

Possible orders of subgroups of G .

1. The number of divisors of 26920=2°-8*-5is (6+4+1)(4+1)(1+1)=7T0.
These divisors (of which 30 are << 100) are

1,2,8,4,5,6,8,9,10, 12,15, 16, 18, 20, 24, 27, 30, 32, 36,
40, 45, 48, 54, 60, 64, 72, 80, 81, 90, 96, 108, 120, 135, 144, 160,
162, 180, 192, 216, 240, 270, 288, 320, 324, 360, 405, 432, 480,
540, 576, 648, 720, 810, 864, 960, 1080, 1296, 1440, 1620, 1728,
2160, 2592, 2880, 3240, 4320, 5184, 6480, 8640, 12960, 25920.

Trans. Am. Math. Soc. 9
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Orders immediately excluded.

2. THEOREM. The group G contains no subgroup of one of the following
16 orders: 15, 30, 40, 45, 90, 135, 240, 270, 405, 540, 1440, 3240, 4320,
5184, 6480, 8640, 12960.

By SyLow’s theorem, a group of order 15, 40, 45 or 135 contains a single
(and hence self-conjugate) subgroup of order 5. But, within &, a T is self-
conjugate only under a subgroup of T', by I... Likewise, a Ty contains 1 or
6 conjugate T';; T, contains 1 or 6 conjugate I';; I',,, contains 1, 6, or 16;
T',,, contains 1,6, or 36; T, contains1, 6, 16, 36, or 96 ; but in no case is
the quotient of the order of the group by the number of conjugates a divisor
of 20.

By SyLow’s theorem, a I, contains 1 or 6 conjugate I', and 1 or 10 conju-
gate I';,. But any I, is self-conjugate in at most a ', ; while a T, is self-con-
jugate only under a subgroup of order 648, 216, or 108, (by I ,, or § 5 below).
Hence a subgroup I',) must contain 6 conjugate I'; and 10 conjugate I', and
hence at least 1 + 24 4 20 operators.*

A T, contains a single I'; by SyLow’s theorem, whereas within G any T’
is self-conjugate only under a group of order 162 by II,,.

The final six orders for subgroups are excluded since their indices under
are =8, while 25920 does not divide 8!.

The subgroups of order 3.

3. THEOREM. Within G, the cyclic subgroups of order 3 fall into 3 dis-
tinct sets of conjugate subgroups, representatives of which are

(1) Oa=(L1,1)’ O§=(L1,1L2,1), C;=(L1,-1Lz,1)'

They are self-conjugate only under G, H, and H,, respectively.

The theorem follows from I, except as to the characterization of the groups
of order 648,216,108. The operators of G' commutative with L, ; form Gy,
of II,, while Z, , is not conjugate with its inverse by I;;. In view of I,
the only homogeneous abelian substitutions commutative with L, _, L, are
U=[k,0,c,vy]T,.,- Those transforming L, , L, into its inverse are
V=UP,,. Hence

(2) E{108={I{27’ n,—lsPlz}E{[k’O,ca 'Y], Tz,_an}°

Also, by I,;;, those commutative with L, , L, , are the U/ and V'; while those
transforming Z, , L, , into its inverse are seen to be

* Otherwise excluded since Ty, contains a cyclic €5, HOLDER, Mathematische Annalen,
Bd. 43 (1893), p. 412.
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1 Tn —% %2 Y12
0 -1 0 a, a,
(3) + 21722 | of=of =1,
ay, Va1 a,, Yas Ya =110y + Y1202 + V2o 0g1 0.
0 —a 0 —a

22

Hence the 108 operators (3) together with those of A, form * H,

216 °

Conjugacies among the operators of H,,, and among those of H, .

4. By IL,,, U*=[—%k,0,cxc,— ], whence U*=1. Now U?’= U"!
if and only if the upper signs hold, namely, U= [%, 0, ¢, v]. Hence of the
operators U, [k, 0, ¢, v] is of period 3 if not the identity [0, 0, 0, 07;
[0,0,¢,0]7; _,is of period 2; [%,0,c, y]T;, _, is of period 6 if % and ¢
are not both = 0. The operators [%, 0, c, v] are all commutative by II. .
Now I, P,,, T, _, and P,,T; _, transform [ %, 0, c, v | into respectively

[k90309 'Y], ['Y, 0,c, k]9 [k, 0, —c, '7]9 ['7,09 —C, k]
Of these four, those which are distinct form a complete set of conjugates under
H,,. Next, the operators of period 2 are all conjugate with 7, _,, since 7} _,
and [0, 0, —1, 0] transform [0, 0,1, 0] 7} _, into [0,0, —1,0]7; _, and
T, _, respectively. Consider finally the operators U of period 6. Applying
(12) of 1L, we find that [0, 0, —c, 0] transforms [%, 0, ¢, y]7, _, into
[£,0,0,9]7;_,. The latter is transformed into [y, 0,0, k] by P,,.

For V=1[%,0,c¢c,9]7, ., P, we have

Vie=[lk+9,0,ctc,k+2r].

Hence V is of period 2 or 6. Those of period 2 are [—+, 0,0, y] P, and
[—9.0,¢,9] 7, _, P,. The former is transformed into P, by [0,0,0,+],
the latter into [0, 0, ¢, 0]7, ,P,= S8, by [0, 0, 0, v]. But
[0,0, —c, 0] transforms §, into S, = P, T, _,. The operators ¥ of period
6 are [k,0,¢c,9]7, Py k+v=%0,and [£,0,¢c,y] Py, k+v and ¢
not both 0. The first is transformed into [k +,0,0,0]7, , P, by
[0,0, —c, v]; the second into [k + v, 0,¢, 0] P, by [0,0,0,].

THEOREM.T The operators of H,, are of period 1,2,8, or 6. Those
of period 1 or3 are [k, 0, c,y] and are commutative. Those of period 2

* By 1I,, H,, is the largest subgroup transforming K, into itself.

1 For an ultimate classification, not needed here, we note that the operators of period 3 fall
into the following distinct sets of conjugates :

{lr.0,0,71}, {lr,0,1,71, [r,0,—1,71%, {[%,0,0,7], [7, 0,0.k]},(k* )
{[¥,0,1,71, [k,0,—1,7], [7,0,1,k], [7,0, —1, k]} v

The operators of period 6 are conjugate with [+1, 0, 0, 0]7% 1, [*1, 0, 0, 1] 7%, 1,
[—1,0,0,—1]T%, 1, [£1,0,0,0] P, or [k, 0, 1, 0] P12, no two of which are conjugate.
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are conjugate within H,, with T, _,, Py,, or P,T, ,. Those of period 6
are conjugate within H, , with

[£,0,0,9] 7, 4, [£1,0,0,0]7;, , Py, [%,0,9,0]Py, (k,y not both = 0).

5. Operator (3) is transformed by 7, _; into a similar operator with a,
replaced by — a,,. We therefore take a, = + 1. Let first a,,= —1. The
resulting operator (3) is transformed by L, _, L, ,, into

(1 0 1 7

0 —1 0 —1
W,== 1 —y —1 0 (Y=Yn—"u)-

lo -1 0o 1

It is of period 2 if and only if y=0. Now P,T, , transforms W, into
W_,; while W?=[—1,0,1,1] is of period 3 and differs from W '. We
obtain therefore two reduced forms: W, of period 2 and W, of period 6. Let
next a, = + 1. The resulting operator (3) is transformed by Z, _, L, _, into

) —Y22
1 0 —1 3
0 —1 0 1]
1 85 1 0
lo -1 0 -1

The latter is transformed into Z, = T, _, W, by the operator [0, 0, — &, 0]
of H,;. Now Z}= P,,T, _,, since W, transforms 7, _, into P,,. Hence Z,
is of period 4 in the quotient-group G'.

Consider finally the conjugacy of the operators of A, under the group H,,.
Now W, transforms P, into 7} _,. Again, W, transforms [%, 0, c, o] into
[k+y—c,0,k—q,k+ v+ c]. Hence W, transforms [%,0,0,y] 7, _,
into [k+v, 0, k—vy, k+ v]P,. The latter is transformed into
[—k—v,0,k—vy,0]P, by [0,0,0,k+4+v]. Now —k—q and &k — 1y
are not both 0 if £ and « are not.

TaeorEM. The operators of H,, are of period 1,2, 3,4 or 6. Those of
period 1 or 8 are [k, 0,c,v]. Within H,, those of period 2 are conjugate
with P T, _y, T, _, or W,; those of period 4 are conjugate with Zy=T, _, W,
those of period 6 are conjugate with W, [k,0,0,4]7, _,, or
[£1,0,0,0]7, _, Py, where k and v are not both 0.

(0=—%—7n)-

The subgroups of order 6.

6. TaeoreEM. Within G, the cyclic subgroups of order 6 fall into 4 dis-
tinct sets of conjugate subgroups, representations of which are
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06=(LX,IT;,—1)’ Ot’s=(L1,1L2,—1T1,—1)s
C(;,=(LJ,IL2,1-T;,—1)’ 0;=(P12L,'_1T;,_1)-

They are self-conjugate only under G, Ky, Ky and G, respectively :

*)

1 & 0 0)
{o 10 0

®) Cn=1%]y ¢ "l’ (8—By=1)¢,
!LO 0 B 8

(6) Kyj=(&y' T, -1y Pro)={[%, 0,0, 9] B, (B =1, T} _,, Py, T, ., Pr)},
) Gu=1{C, CT, _,, CD, CT, _, D, (C ranging over C5)},

1 0 1 1)

0 —1 0 -—-1|

1 1 -1 1 -

0 —1 0 lJ

() D=

The theorem follows from I, except as to the characterization of the groups
of order 72,86, 24. By L, L, , T} _, is commutative only with the substi-
tutions of G',. By I;5, L, ; 7} _, is not conjugate with its inverse. By Iy,
L,,L, ,T, _, is commutative only with [y, 0, 0, 4,] 7} .,; it is trans-
formed into its inverse by P,,. Also L, ,L,, 7] _, is commutative only with
[v,0,0,9,]7, ., while it is transformed into L, , L, , T, _,, the same as
the former in the quotient-group &, by P,,. Finally, P= P, L, , T, _,is
commutative only with its powers and their products by 7, _,, which transforms
Pinto PT; _, T; _,. The only homogeneous substitutions transforming P into
P-1 are found to be the 6 operators

1 ¥ +1 =1+4)
0 —1 0 *x1 ‘
®) + | :
(£l £1lxy —1 1—9
lL 0 *1 0 1 ]

which may be written as the products CD, C ranging over C;.
7. THEOREM. Within G, the non-cyclic groups of order 6 full into 3 dis-
tinct sets of conjugate subgroups, representatives of which are

(9) D,= (L1,1L2,1, W:)), -D:s= (Ll,—l L2,1,P12)’ D;'I = (Ll, -1L2,1,P12 Tz,-l)-
They are self-conjugate only under Gy, H,,, K, respectively, where




134 L. E. DICKSON : DETERMINATION OF SUBGROUPS [April

(10) Gss= { [k’ 09 C, k— c] Pa (r= Io 1,2,—1P129 Wo’ 172,—1P12M)} .
The subgroups sought are dihedron G, ,generated by A and B with
(11) Al = I, B = I, BAB= A",

We may assume that A is L, ,, L,,L,, or L, ,L,,(§3). But L, is
excluded since it is not conjugate with its inverse within G'.

The cyclic group generated by 4 = L, _, L, , is self-conjugate only under
H,); (§3), whose operators of period 2 are conjugate with 7, _,, P,,, or
P, Tg _1(§4). The last two transform A4 into A~', but 7, _, transforms 4
into itself and is excluded.

The cyclic group generated by A =L, L,, is self-conjugate only under
H,, (§4), whose operators of period 2 are conjugate with P, 7, ,, 7, _,, or
W, (§5): The first two transform A into itself and are excluded, while W,
transforms A4 into 4-'.

An operator which transforms Dy into itself must transform the subgroup
(Ly, _y Ly, ) into itself and hence belong to H,i,. Moreover, it must transform
Py, into one of the 3 operators L,= L, _, L,,P,, of period 2 in D;. Now
U= [k 0,c,v] T, ., transforms P, into L, ; while V = [£,0,¢,9] 7} ., Py,
transforms P,, into L _,. Hence H, transforms Dy into itself.

For D, we seek the operators of H,, which transform P, 7, _, into one of
the 3 operators M, = L, _, L,,P,, T, _, of period 2 in Dy. For U the con-
ditions are ¢= 0, t=% — v; for V the conditions are c=0, t =y — k.
Hence D is self-conjugate only under the group (6).

For D,, we seek the operators of H,, which transform W, into one of the
8 operators V, = L, , L, , W, of period 2 in D;. For U the conditions are

+1l=41,k=c+vy, t= —k—; for V the conditions are +1 = —1,
c=k—vy,t=—k—r. For (3) the conditions are

for the upper signs: dp=—1,0,=1, y,= —q,, t=9,+ Y — Yu-
for the lower signs: a,=—1, 0, =—1, q,=19,, t=19,— v — Y

The resulting operators (3) are respectively

['Yu, 0, v — Yars ’Yzl] Wy, [_ Yozo 0y —Yop —Y11s '711] Tz P W,.
Hence D, is self-conjugate only under the group (10).

The subgroups of order 12.

8. THEOREM. Within G, every cyclic subgroup of order 12 is conjugate
with

(12) Co= (ML, ;).
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The latter is self-conjugate only under the group
(13) 024=(012’A)’ Ad: =5+, n=E—n,

For proof, see I,;3. Note that A*= (M, L, ) =T, _,.

9. TrEOREM. Within G, every non-cyclic commutative subgroup of order
12 is conjugate with K ,, every dihedral subgroup of order 12 is conjugate
with D, or else with D},, where

(14) ](12—_'(0;’ Tz,—x)’ -D;2=(0<'s’ P12)’ D;§=(C;,D)°

They are self-conjugate only under G;,, K3, and G,, respectively.

A non-cyclic commutative I, or a dihedral T',, contains a self-conjugate
cyclic T, and an operator of period 2 not in the latter. By § 6 we may take
C,, C;, Cyor C} as the T',.

Since C; is self-conjugate only under G',, which contains a single operator
_, of period 2, it is to be excluded.

The groups C; and C'; are each self-conjugate only under K ;;, which contains
exactly T operators of period 2, viz.,

Tv Ly Ly P, L

Since 7, ; and L, _ L, lie in (g, we may limit the extender to P, and thus
obtain D;,. Since 7 _, liesin C, we may limit the extender to L, _ L,  Py,.
But Z, , transforms the latter into P, and transforms Cg into itself. There
results K7, = (C¢, P,). But P, L, _, transforms K, into K7, since it trans-
forms P, L, , 7, _, and 7}, _, into the generators P, L, , L, 7T, _; and T} _,
of (C¢, Py).

Finally, C7 is self-conjugate only under G;,. The only operators of the lat-
ter commutative with P = P, L, T, _, are those of K,,; the remaining oper-
ators "D and P'T, , D(i=1, ..., 6) transform P into P~' (§6), the first
6 being of period 2 and the last 6 of period 4.

A dihedral T, contains a single cyclic T';. Hence -Dj; is self-conjugute only
under G5,. Likewise, a substitution commutative with D, must belong to
K. But all the operators of period 2 in the latter belong to Dj,. Hence
Dy, is self-conjugate under A,5.

Since K, contains the single self-conjugate cyclic group (L, , L, ,) of order
3, an operator transforming A, into itself must belong to K, (§ 3). Since
K, contains the single self-conjugate group

(15) {1, Ty PoL, L, T, _,, P,L L, .}

T,

2

1,—y ly—yL%y T:-’,—IPH‘

of order 4, an operator transforming X, into itself must belong to a group of
order 96 or 64 by III, or by the table. Hence K, is transformed into itself
by at most 24 operators. But A, is a subgroup of G, and hence self-conju-
gate under it.
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10. THEOREM. Ewery subgroup simply isomorphic with the group generated
by the two operators R and S subject to the generational relations

(16) Ri=1, S*= R?, S7*RS= R
is conjugate within G with the group
a7 Gy={r,°r1,_,D, (P=P,L, T, ,,i=1,-.-,6)}
Within G, G, is self-conjugate only under G3,.

The self-conjugate I'; may be taken to be C;, C;, C;’,or C;;. Now C; and
C;’ are self-conjugate only under XA, which contains no operator of period 4,
and hence are excluded.

The group C| is self-conjugate only under G,,. But an operator (5) is of
period 4 if and only if £ = 0, @ 4+ & = 0 (IV), when it becomes

(18) §;=§17 ﬂ;»=”11§;=a62+'y7’29 1];=v,8§2—(11]2 (—ag’—ﬁ)’El)-
The T', must contain 6 operators of period 4 and hence contain every (18).
But L, ,7, ., (18) is neither in C; nor of the form (18) if y 40, B4 0.
Hence also C; is to be excluded.
Finally, Cf is self-conjugate only under G3,. Now P‘T, _, D and no further
operators of G, are of period 4, where P = P, L, _, T, _,, since
(Pi Tz,—lp)z = P12 Ll,l Tz,—xLz,—-1= P

By §6, P'T, _, D transforms P into P~'. Hence G}, satisfies the conditions.
11. TreorEM. Within O, every subgroup simply isomorphic with the
alternating group on 4 letters is conjugate with one of the two groups
9 G.= {1, CC, By, B,C/C,, C,C;BW, C,C,C,C.BW,
1
(19 B.C,C,W?, B,.C,C,W?*, (i=2,4)},
(20) G, =T, I(§4E), T(&EL). (T =1, G0, G0, C,C)}
They are self-conjugate only under the respective groups
(21) Gu={I,TB,W,TW*B,=TB,C,C,W?*, (I ranging over G;)},
Hy =L, BT, (§,£)(EE)T, (L&) (EE)T (LEE)T, (EE)T,

(22)
(T ranging over G;)}.

For the self-conjugate four-group, we may take G%, K,, K, or K,.
Within O, these are self-conjugate only under G,, H,, H,,, G, respectively.
Hence G is excluded. The only operators of period 8 in /7, are the last 8
operators (20). They must therefore all occur in the group of order 12. They

extend K, to G, and K to H, defined by (43), so that A, is excluded.

8

The only operators of period 8 in G, are seen (see § 22) to be the last 8 oper-
ators (19). Combined with K, they give G,.
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12. Summary of the subgroups of order 12. All have now been determined
since the five types * of groups of order 12 were examined in §§ 8-11.

THEOREM. Every existing type of group of order 12 is represented among
the subgroups of G. Within G, they fall into seven distinct sets of conju-
gates, two of the dikedron type, two of the type of the alternating group on
JSour letters, and one of each of the three remaining types.

The subgroups of order 18.

13. THEOREM. The group G contains exactly seven distinct sets of conju-
gate subgroups of order 18, representatives of which are

K= (Ky, T, 1), K= (K, Tp ), K= (K, T _,),
(23) Grs = (K;, Pl2)’ H:3= (If;, PmTz,—l)a
H:;=(K‘;apl2]12,—l), G;;=(Kr, I/Vo)-

A T, contains a single (self-conjugate) subgroup I';. But within @ a cyclic
T, is self-conjugate only under a Iy, by IL, ... As the I'; we may therefore take
one of the non-cyclic groups X, A, K~ (IL,,).

The group A, of the operators [%, 0, c, 0] is self-conjugate only under G,
by IL,s, which contains exactly the 9 operators [0, a, v, 0] 7} _, of period 2.
If a =0, the latter is transformed into 7} _; by [0, 0, —y, 0];if a 4 0 it is
transformed by the substitution Z, ., of G, into [0,a,0,0]7; ;. The
latter is transformed into 7, _, by the following substitution of G,:

(24) i =§—ak, my=m+om.

The group K of the operators [%, 0, 0, 4] is self-conjugate only under
H by IT,,. By §4 the operators of period 2 of H,, are conjugate within
H,oy with Py, P, T, ,0r T, _,. Of the resulting groups Gy;, Hy;, K3, the
first two each contain exactly 8 substitutions of period 2 and the third only one.
The 3 of the first and the 3 of the second have the characteristic determinants
(p* —1)? and (p* 4 1)’ respectively. Hence no two of these three groups are
conjugate under linear transformation.

The group K,™ of the operators [ — v, 0, ¢, y] is self-conjugate only under
H, ; (see foot-note to § 8). The operators of period 2 of H,  are conjugate with
PuTy s Ty or Wy (§5). No two of the resulting groups (K,”, Q),
Q =P,T, _,, T, _,or W, are conjugate within G'. Indeed, [— v, 0,¢,y] W,
is of period 2 if and only if ¢ + v = 0, so that (A;™, W,) contains exactly 3

*CAYLEY, American Journal of Mathematics, vol. 11 (1889), pp. 151-3. In his
substitution V" of B4, (dj) should read (gj). In MILLER’s list, Quarterly Journal, vol.
28 (1896), p. 255, the group 12, should have (ag) (bh)(ci) (dj) (ek) ( fi) as the second gen-
erator.
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operators of period 2, each with the characteristic determinant (p* 4 1)%. Since
[—9,0,¢,9]T,_,is of period 2 if and only if v = 0, the group (&,", T, _,)
contains exactly 3 operators of period 2, each with the characteristic determi-
nant (p*—1)% Finally [ — 1,0, ¢, v] P, T, _, is of period 2 for every ¢ and
v, so that ( K", Py, T, _;) contains exactly 9 operators of period 2.

14. TaeoreM. Within G, the group K is self-conjugate only under

(25) Ky=(Ky, T _)={[~,0,c,9]T} ., (kyc,y=0,1,2)}.

The operators of K, not in A» are [k, 0,¢,0]7, _,. The latter is of
period 2 if and only if £ = 0. The general operator (6) of IL, in G, trans-
forms 7, _, into an operator [0, 0, ¢, 0] 7, _, if and only if a,, = 0, v, = ca,,
provided we set a, = + 1, as we may. The operators (6) with o, = 0 form X,.

15. TueorEM. Within G, the group K is self-conjugate only under K.

The only operator of period 2 in Aygis 7} ;. It thus remains to determine
the operators of A, which are commutative with 7, ;. For U of § 3, the
condition is ¢ = 0. For V the condition is ¢ = 0.

16. THEOREM. Within G, the group G}, is self-conjugate only under H, .

The only operators of period 2 in G} are N, = [—¢,0,0,¢] P,. But
U and V of § 3 transform P,, into V,_, and N,_,, respectively.

17. Tueorem. Within G, the group H'}is self:conpugate only under K, .

The only operators of period 2 in H}, are Q,=[—¢,0,0,t]P,T, _,.
Now U transforms P, 7T, _, into @), if and only if ¢ =0, ¢ = k — v ; while
V transforms P, 7, _, into @, if and only if c=0,¢ =y —£k.

18. TueEorREM. Within G, the group K5 is self-conjugate only under H,q.

The only operators of period 2 in A are £, = [0,0,¢,0]7, ;. Now
U and V transform 7, _, into R.,, so that K} is certainly self-conjugate
under H,s. But 7, | ¥'= ¥ R,, where ¥ is of the form (3), requires a,, = 0
and is impossible.

19. TueorEM. Within G, the group Hg is self-conjugate ondy under H, .

The 9 operators S, , = [— 1,0, ¢, y]P,T; _, belonging to H7; but not to
K" are all of period 2 (end of § 13). Now U and V transform P,,7, _, into
S.c r-yand S, _;, respectively ; while (3) transforms it into S,,, where

¢ = ay(F 7y, — ) F Yz — Yar» V=0 (F Y= Vu) — (:t'722— Vi)~
20. Tueorem. Within G, the group G is self-conjugate only under
G;= ( G;;’ 112, —-1P12)

(26)
= {[—')’,0, C, 'Y]R, (R=I, VVo, Tz,—le’ I/VoTz,—JPu)}e

whose 36 operators may be exhibited in the explicit form
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[ 1 Tu 0 Y2 ] 0 —, —1 Y12
1 0 0 0 0 0 —1
+ , =+ ,
0 Nz 1 —, l 1 Ve 0 Va2
0 0 1 ,l 0 1 0 0

(27)
[ 1 v =1 %ﬂ
0 —1 0 +1

+

*1 — Y2 -1 T
l 0 +£1 0 1

The only operators of period 2 in G are ¥, =[¢,0,¢t, —t] W,. We
seek the conditions under which S—' W § = ¥, where S belongs to H,,,. For
8 = U, the upper signs must betakenandy = — k,t = —k—c. ForS= 7V,
the lower signs must be taken and y = — k, ¢ = ¢ — . For (8), § must be of

the third type and ¢ = — «,, or 7y, according as the upper or the lower signs hold.

The subgroups of orders 10 and 20.

21. A group of order 10 or 20 contains a single (self-conjugate) subgroup of
order 5. Within G the groups of order 5 are all conjugate, and each is self-
conjugate only under a Iy by I, or as shown below.

Consider the group G generated by K of I,,,. The homogeneous substitu-
tion A is of period 10 since A°=7], _, 7, _,. The corresponding operator in
the quotient-group @ is of period 5. Within G, X, K2, K® and K* are all
conjugate, there being a single set of conjugate operators of period 5 by I .
The conditions for £S = SK*T, _,T, _, in the homogeneous group are seen to
require that

{ a v B+v+8 —at+q—28)

B 8 —a+B—8 a4+B+y
S=+ :
atBt+y —at+B—3 —38 -8 |
—at+y—8 B+vy+3d - —a

The abelian conditions on S then reduce to
Bt+y—a?—8—aB—ay—B—yd=1,
—B—y—a—F+af—ay— B+ 45+ ad 4 By =0.

If a = 0, we find by addition that 8 + B8 + By =1. Sinced = 0is exciuded,
we may set 8 = + 1, placing the ambiguity in sign before the matrix. From

B(l+v)=0, B4+y—B—y=-—-1,
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it follows that y 4= 1 or 0. Withy = —1, 8= 0 or 1, giving respectively
0 -1 0 1) (o —1 1 1)

0 1 -1 -1 l1 1 0 0

C1oZ1 21 ool SmEl 6 L

1 0 1 OJ lLI 1 1 OJ

IfaEl,then (ﬂ, e 8)=(_19 0, 0),(_19 11 0)* or (O’ 0’ - 1),gi"i“g
respectively

S ==*

(1 0 —1 —1) ’11001
10 o1 o 101 1
8, =& . S==| E
o 1 0o 1| | 11 0 1|
IL_.1 -1 0 —1] L o 0 -1 —1]
10 —1  0)
o _1 o 1
Sb=:|: |
1 0 1 0
lo -1 0 _1J

The five S; are of period 4 and no one equals the inverse of another, their
squares being distinct. Hence G is self-conjugate only under

(28) G= (K", 81, (i t=1,--55=1,2,3)}.
It contains a single subgroup of order 10:
(29) G10={Kt’ SE’(i't=1""’5)}'

THEOREM. * A subgroup of order 10 or 20 is conjugate within G with G,
or G, respectively. The latter are self-conjugate only under G, .

The subgroups of order 24.

22. The singlet type of group of order 24 which does not contain a subgroup
of order 12 is considered in §30. Consider here the T, which have a (self-
conjugate) subgroup I'),. The 7 distinct sets of conjugate I',, in G are repre-
sented by C,,, K,,, Dj,, D},, G}, Gy, Gy,; they are self-conjugate only under
Cos Gy Ky, Gy Gy, Gy Hy, rvespectively (§§ 8-11). Hence Dy, is ex-
cluded, while each of the groups C),, K,,, D},, and G, leads to a single T,,.

* Compare the corresponding investigation on the orthogonal form 0, § 46.
t MILLER, Quarterly Journal, vol. 28 (1896), p. 274.
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We next determine the I',, which contain G,,. The 8 operators of period
3 in G, are the last 8 operators (19). Their products by C, C, C, C, evidently
give the 8 operators of period 6, viz.,

(30) B.wW, B.C,C\W, B.C.CW?2, B.CC,W? (i=24).
The 19 operators of period 2 are

qu’ B3’ B3q03’ B30204’ B301020304’ 0204’ 01020304’ CYI.CO’
(31) 0300’ 0105’ 03(]5

CCGB W, CCBW, CCBW?, CCBW?* (i=2,4).
The 12 operators of period 4 are

B,C.C,, B,CC, BCCW?* BCCW?
(32) (i=1,3;j=2,4).

B,C.CW, B,CCW, BC,CW, BCCW
Now C,C,, C,C;and C,C, extend G, to the respective groups
(33) G5 {I" .Gl 60T, CGCOT (T'=1, B, B,W, B, W)}

* | B,C,C,W* B,C,C,W? B,C,C,W?* B,C,C,W* (i=2, 4H |’
r, caqr, cco,r, ¢,Cr, B,C,C,W*, B,C,C,W?,
(34) L,,=; CC,BW, anoBiW’ 0204B.'W’ 01020304Bim &
C.C,B,W*, C,C,B,W*, C,C,B,W* J
(r, cCr, CC,T, C,CT, B,C,C,W?, B,C,C,W?,,
(8% T1,=3 CCBW,CCBW,CCBW,CCCCBW, |,
| ccBw? CCBW? CC,BW?
where in (34) and (85), '= 1, B;; i=2,4. Now all the operators (31) oc-
cur in these three groups; all the operators (82) occur in the last two groups.
No two of the three groups are conjugate within O since * G, contains G2
self-conjugately, while Z,, contains three groups conjugate with Z,, and 7,
three groups conjugate with 7.

To determine the I',, which contain G';,, we note that the operators of period
2 in H, are those of G, together with

(36) (Elfﬁl)(frfn)o (C=I1 01031 C',.C',, CICSC!'C:; L) 3=2) 4» 5)'

Those of period 4 are given when C ranges over the remaining 12 operators of @, .
Now C,C,, C,C,, C,C,, B, and C,C,B, extend G, to the respective groups.

* There are exactly 7 operators of period 2 in G}, and 9 in each L,, and T5,.
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Go={T, T(&E,E)",
(r=1, C,C,, C,C,, C,C,, C,C,, CC,, C,C, C,C)},
Gy = {T, T(§E8)
(r=1,00,0C.0C,C0C/0,CCc,CC0C, CC,, CC)},
(89) {I,T(§¢&.&),(I'=1, C,C,, C,C,, C,C,, C,C;, C,C,, C,C, C,Cy)H},
L, = {T, T (§E8)*, T'B,, T'(£,£)(&E), T'(£§)(EE),
('=1, 0, C,C;, C,C))}.

{Fn L (&E8) T, By, Iy (68) (L&), Tu(86)(64),

(41) r,=1, G0, C,C, C,C,
. F2= 0103’ 0500’ 0200’ 0400) '

G

(38)

(40)

All the operators (36) lie in these five groups. Of the operators of period 4,
the square of OB, is C,C,if C= C,C;, C,C;, C,C,or C,C,; the square of
C(&£E)(&E) is C,C, if C= C,C,, C,C;, C,C, or C,C,; the square of
C(EE)(EE) s CCif C= C,C, C,C,, CC, or C,C,. But these 12
operators of period 4, whose squares belong to G/}, and hence extend G';, to a
T',,, belong to the groups (40) and (41). The squares of the remaining opera-
tors of period 4 in A, do not belong to G|, and hence such an operator of
period 4 extends G|, toa I',;. Finally, all the substitutions I'(£,£,&)*', T
ranging over (G, of period 3 or 6 in Z belong to the groups (37)—(39).

Now B, transforms (39) into (88); C,C; transforms (41) into (40).

23. THEOREM. Within G, the group C,, is self-conjugate only under G,,.

The group C,, defined by (14) is the direct product of the cyclic group
C; = (Ly,,) by a group T'; affecting only £, and 7,. By IV the latter is com-
posed of the identity, one operator 7, _, of period 2, and 6 operators of period
4. Hence O, contains a single cyclic subgroup C,. But the latter is self-
conjugate only under &,,, the direct product of C;, and a binary group T',,
having T, as a self-conjugate subgroup. Note that T, is of the type F7;.

24. TreoreM. Within G, the group G, is self-conjugate only under
itself.

Of the operators of G%,, every P'T, _, D is of period 4; P, P°, PT, _,,
PT, ,, P’T, _, and P*T, _, are of period 6; P* and P*are of period 3 ;

_P3’ 112,-—1’ PsZ'Z,—l’ P'-D (i=0,1,~",5),

are of period 2. Hence G, contains exactly 8 cyclic subgroups of order 6,
Ci=(P), C{=(PT;_,),and (PT, _,). The latter is transformed into
C¢ by D, which transforms P into P-', and 7, _, into P37, ,. Now
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Cg and C7§ are not conjugate under G (§6). Hence an operator of G which
transforms (73, into- itself must transform C'7§ into itself and hence belong to
@3, (56).

25. TueorEM. Within O, the group G3, is self-conjugate only under G .

The only subgroup of order 8 of G, is G2 (§22). The latter is self-conju-
gate only under H, = ( G, W)byIlL,. Now B,, C, C,and B,C,C, trans-
form B,W into C,C, W, B,W and C,C,B,W, respectively, none of which
belong to G,. Hence the product of any operator of G (which transforms
G3, into itself by §22) by B,, C,C, or B,C,C, does not transform G2, into
itself. But I'C,C,, I'B,, I'B,C,C,, where I' ranges over G, give all the
operators of G, not in G,.

26. TueorEM. Within O, L,, and T,, are self-conjugate only under Q.

The group L,, contains exactly 8 conjugate subgroups of order 8, one of
which is Z,. The latter is self-conjugate only under G|, by III,,. Hence at
most 3 - 16 operators of O transform Z,, into itself. But Z,, is a subgroup of
G- The proof for T, follows by replacing L,,, L, by T,,, T,.

27. Taeorem. Within O, the group G, is self-conjugate only under H,,.

Indeed, by III,,, the self-conjugate subgroup G of G, is self-conjugate only

under /.
28. TueorEM. Within O, the group Lj, is self-conjugate only under *
(42) G:s = { G’l’ﬁ ’ (‘Ez §4£5) }

The group L;, defined by (40) contains 9 operators of period 2 and hence 3
subgroups of order 8. Now B, transforms L;, into { L,, (£ £,£,)}. But L,
is self-conjugate only under &', by IlI,,. Now C,C,, which extends L, to
G, transforms L, and (& £,£) each into itself. Hence { L, (£ &)} is
self-conjugate only under { G|, (£ &,&;) }, which is transformed into (42) by B,.

29. TaeorEm. Within O, the group G, is self-conjugate only under

(43) Hy= {Gw’ (52{:455)}'
The group G',, defined by (38) is transformed by (£ £,) (&,E,) into
(44) {GS’ (§IE2E3)}'

Now @, is self-conjugate only under G4, by II1,,. But the only even substi-
tutions on £, §,, ,, £, which transform into itself the cyclic group generated
by (&,&,£,) are the powers of the latter. Hence (44) is self-conjugate only
under the group { G;, (£, &,,)} of order48. Transforming it by (£ &,)(&,&,),
we obtain H .

* We readily see that the order of (42) is 48 and that it is a subgroup of Hy,.
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80. THEOREM. Within O, a subgroup simply isomorphic with the group of
order 24 generated by jfour operators subject to the generational relations

A*=1, B*=A* B'AB=A"', C*=1, C'AC=B, C'BC=A4B
is conjugate with one of the three groups
(15) F, = {Fy", (LE&)}, Fy={F W}, F,={F,(L&L)W ).

As the subgroup generated by 4 and B we may take F,". Now (§,,£,),
W, and each B, transform F” into itself. But (&,£§,), (§,&E,), and B,
transform B,C,C, into B,C,C,, B,C,C,, and B,C,C,, respectively ; B, trans-
forms B,C,C, into B,C,C,; B, transforms B,C,C; into B,C,C,. Hence we
may take 4 = B,C,C,. Next, B, is commutative with B,C,C,, and trans-
forms B,C,C; and B,C,C, into B,C,C, and B,C,C,, respectively. Hence we
may take B = B,C,C, or B,C,C,. Since F,” is self-conjugate, C' must leave
g, fixed (IIL,,).

For B = B,C,C,, the conditions AC' = CB and BC = CAB give

ay, e, 3 o 0
— ay Gy — Gy ay 0
C=|— Ay I Ay — a3 0 ’
— Gy — %y a4y, Ay 0
. 0 0 0 0 1]

subject to the single condition af, + af, + af, +af, = 1. If one of the o is
= 0, then three are, the resulting substitutions of period 8 being

(LEE),  (EE)CC,  (EEE)CO,  (EEE)CC,.
But B,C,C,, B,C,C,, B,C,C,, which transform F,” into itself, transform
(&£,8) into (§,§E,)C,0,, (§E,)C,C,, (§§E)C,C,.
Let next each a; 4 0 in C. The conditions for C* = U~ are

11—1 App @y — FpGyg — X3Py - _""1+au 12+au 13+a12 139

_a125_1+all 13+all l4+a13 149 13—' 1+all 12 11 “+d12 14°

Eliminating a,, from the last three, we get
(apa;—1)(a,+1)=0, (a3, —1)(2,+1)=0,
(a12 14 1)(al3+1)50'

If a, =1, the conditions give merely o, = a,, ¢, =a,. If a,= —1, they
reduce to (a, + 1)(a,+1)=0, a, = a,a,. The resultant operators are
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a a 1 a 0 aa, a —1 a 0]
—a 1 —a a 0 —a, —1 —a, a0, 0
—a a a —1 01}, —a, aa, a 1 0
-1 - 0 1 —a, aa, a 0

. 0 0 0 1; 0 0 0 0 1

[(z+1)(a,+1)=0].

Call them C,, and C,, ,,, respectively. Now C_;, _, =W, so that we have the
group (Fy’, W). Next C_,, = C,C,WC;C,, which C,C; transforms into
WB,C,C,, an operator of (F,”, W). Again, C, _, = C,C,WC,C,, which
C,C; transforms into WB,C,C;, an operator of (£3”, W). But W trans-
forms F,” into itself and C_,, into C; _,. Finally, C,,,= W?(§,&E,).

For B = B,C,C,, the conditions 4 C'=C"B and BC'= (' AB give

a, T A3 N 0]
A3 Ay — &y — 9y 0
C'= Xy — A A, —a 0 ’
— %12 11 14 — g3 0
1 J

subject to the single condition o?, + af, + o, + a?, = 1. If one of the a
is = 0, then three are, the resulting substitutions of period 8 being

(&&&), (8&8)G0, (&§E)CC,  (§&E)CC,.

But the last three are the transforms of (£ £,&,) by B,C,C,, B,C,C,, B,C,C,,
respectively. The resulting group [(F7y, (£ E,&,)] is transformed into F,
by B,.

Let next each ;4 0 in ¢". The conditions for C*'=0C'""are

i

— — —_ 1
ay=1+ay0,—a,a,+ a,a,, Gy = — 1+ o, + oy, + a,a,,
a=1l—o o, +a,0,+a,a, —a,=—1—a,a,+ad,— g By

Eliminating a,, from the last three, we get

(2pa,—1)(1—a,) =0, (a12a13+1)(1+al4) =0, (a0, +1)(1+a,)=0.

If a,,=1, the conditions reduce to (¢, + 1)(2,+1)=0 and o, = a,a,.

If @, = —1, they reduce to &, = a,, @, = a,,. The resulting operators are

Trans. Am. Math. Soc. 10
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a a —1 7 0] a0, a, 1 a, 0)
-1 a —a —a 0 1 a, —oa, —a, 0
a 1 a —a 0f, a, —1 a, —aa, 0
—a a a 0 —a, aa a, -1 0
| 0 0 1 0 0 0 0 1]
[(a+1)(ey+1)=0].

Call them (7, and C, , respectively. Now W transforms C( , into
W (&,EE)B,C,C,, which belongs to F;,. Next, C_,,= W?C,C,, which
C, C, transforms into B,C,C,W?, an operator of F,,. Next, C, _, equals
W?B,C,C,C,C,, which C,C, transforms into W?. Again, C; _, equals
W*B,C,C,, which belongs to F,. Finally,

C.,.,=W*B,0,C,,

which is transformed by C,C, into B,C,C,W?, an operator of F,,.

Each of these three contains 7', self-conjugately and hence a single subgroup
of order 8. Hence a group which transforms one of them into itself must trans-
form F'7 into itself and therefore leave £, fixed. An operator of the latter is
of the form W*J, where J belongs to /,;, merely permuting &, &, &, .
Hence it cannot transform W into an operator of F),,. Hence F, and F';, are
not conjugate.

31. Taeorem. Within O, F,, and F',, are self-conjugate only under

(46) Gn={Fy, (64E), W}.

Since (£,£,£,) and W are commutative, while each transforms 7, into itself,
the groups F,, and ¥, are each self-conjugate under G,.

To show that there are no further operators transforming F7,, into itself, we
note that C,C, and C,C,, C,Cyand C,C,, C,C,and C,C,, transform (£,£,£,)
into (§,£,¢,)C,0C,, (§,£,E,)C,C,, (§,E,E,)C,C,, respectively, while B, trans-
forms (§,¢,¢,), C,C,, C,C,, C,C, into (§ &), C,C,, C,C,, C, C,, respec-
tively. Hence C,C, B, and C,C, B, transform (£,£,&,) into (£ £,€,)C,C,,
while no other C,C; B, transforms (§,£,£,) into an operator of #,. Now
C,C,B,= B,C,C, and C,C,B,= B,C,C, belong to F';. In this way it may
be verified that every operator F'C, where £ is an even permutation of
£.E,E,& and C is a product of an even number of the C,, must belong to
F,, if it transforms (&,£,£,) into an operator of 7).

To show that there are no operators other than those of G, which transform
F,, into itself, we note that B, and B, transform W into B,C,C,W and
B,C,C, W, respectively, neither of which occurs in .. But B, extends
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F7 to a group of order 16, which B, extends to G,. In view of (47), F'}, is
self-conjugate only under a group of order } - 288.
32. TuroreM. Within O, the group F';, is self-conjugate only under

(47) sts = { Gsz’ (52‘§3§4)’ W} .

Now F}, is self-conjugate under G',,. Moreover, B, and B, transform
(&,€,E)Winto B,C,C, (£,E,E)W and B,C,C,(,£,E,) W, respectively, each
belonging to #';,. But B, and B, extend F'; to G.,.

The subgroups of order 36.

33. THEOREM. Within G, the subgroups of order 36 are conjugate with
one of the four: K, G,

36
(48) K= (K, Py), Hy=(Hy, T, W,).

A T, contains either a I' ; or else a T', of the non-cyclic commutative type.*
Within @, the latter is self-conjugate only under a T',, (§9). Hence a sub-
group Ty, of G contains @ T',. For the latter we may take one of the 7
groups (23). But K, is self-conjugate only under X,, (§14) and hence is
excluded. The group G leads to Gy only (§ 20), while K} and H,; lead to
K, only (§15, §17).

Next, G}, and A are self-conjugate only under H,, (§16, §18). The
operators which extend one of these I'; to a subgroup I';, may be limited to
the operators of period 2 of H or to those of period 6 whose squares belong
to T';. The former are conjugate within H,, with P,, P,T, ,, T, _,.
Since P, belongs to G, there results a single I';:

(Gios Ty 1) = (K5, Py, T, ) = K.

Since 7, _, belongs to Ky, there results only (K33, P),)= K. Consider
next the operators of period 6 of H,, given at the end of § 4. Their squares are
[—%#,0,0, —9],[£1,0,0,+1],and [k, 0, — v, k], respectively. The
first two of these belong to G'},, while the third does only wheny = 0. The
resulting operators of period 6 are [£,0,0,y]7;, ,, [£1,0,0, 017, _, P,
and [*+=1, 0, 0, 0]P,; they either belong to @} or extend it to
(Gys> Ty, 1) = K. The only ones of the above squares which belong to
Kig={[—9,0,¢c,v]7; ..} are [y,0,0, —y] and [0,0, —y, 0]. The
resulting operators of period 6 are [— v, 0,0,v] 7, ;and [0,0, vy, 0] P,,,
where v % 0, the first belonging to A'}; and the second extending it to
(K:;’ P12)=K:(;'

Finally H7, is self-conjugate only under H,, (§19). The operators of
period 2 of H,,; are conjugate within it with P, T, _,, 7, _, or W, (§ 5), the
—*—MILLER, Quarterly Journal, vol. 28 (1896), p. 283.
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first belonging to #7;, the second and third extending H7; to K, and G%,.
The operators of period 4 are conjugate with 7, _, W, (§ 5), which extends Hy;
to Hz. The operators of period 6 are conjugate with Wy, [£,0,0,y]T; _,
or [=£1, 0, 0, 0]7;, , P, (§5). Their squares are [—1, 0, 1, 1],
[—%,0, —v], [£1,0,0, 1], the last not belonging to H7, and the
second belonging to it only when %Z= — . The resulting operators
W,=[1,0, —1, —1]W, and [—v, 0, 0, 4]T, , extend Hy; to
(H3yg, Wo)=G%and ( H3, T, _,) = Ky, respectively.

34. TueoREM. Within G ,the group K, is self-conjugate only under itself.

Since XK ; is a subgroup of H,,, under which K is self-conjugate, A’; is
the only group of order 9 contained in A, by SyLow’s theorem. Hence A
is self-conjugate only under a subgroup of H,,. Since [0,0,1,0] ex-
tends K, to K, it extends K to Hy; but it transforms 7, _, into
[0,0,1,0] 7, _,, which is not in K.

35. THEOREM. Within G, the group K iy is self-conjugate only under H,,.

Since K 3 is a subgroup of H,,, the largest group in which A ;" is self-con-
jugate, K ;" is the only group of order 9in A 3. Hence A 7 is self-conjugate
only under H,,; or a subgroup of it. Now [1, 0,0, 0] extends A 3 to H,
and transforms P, into [ —1,0,0,1] P,,, which belongs to K. Also,
W, extends H, to H,,; and transforms Py, into 7, ;. Hence K 3 is certainly
self-conjugate under A, .

36. THEOREM. Within G, the group Gy is self-conjugate only under

(49) G;;=(G;;’ P12)=(K:.* Tz,-l» Py, I/Vo)

As in the preceding section, Gy is self-conjugate only under a subgroup of
H,,. Now P, transforms W, into W, T, _, P, and hence extends G to a
group of order 72. Now [1, 0,0, 0], which extends this G, to M, trans-
forms W, into [0, 0, 1, 1] W,, which does not lie in G7%.

37. THEOREM. Within G, the group H 3 is self-conjugate only under G7;.

As in §356, H 3 is self-conjugate only under a subgroup of H,;. Now W,,
which extends H,, to H,,, transforms 7, , W, into its inverse W,7, _,.
Hence Hg' is certainly self-conjugate under (H3y, W,) = G7;. The latter
is extended to H,, by [1,0,0,0], which transforms 7, _,W, into
T, ,[0, 0,1, 1] W, (§36). The latter equals [0, 0, —1,1]7;, W,
and is not in A} since [0, 0, —1, 1] is not in Ay .

38. THEOREM. No two of the groups Ky, K3, G, H are conjugate
within G.

For the first three groups, the result follows from §§34-86. Neither Ag
nor K ;; contains operators of period 4, being subgroups of H,s (§4). The
same is true for G since (K3, P, T, )= Hyand (K g, W,) = G have
no operators of period 4, while
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(—1 e¢c+9 1 y—c|
| 0 1 0 —1|
=+ | I
1 c—9 1 c+9q|
0 —-1 0 —lJ

is not of the form (3) if a,, = + 1 and hence is not of period 4 (§5). But
H g contains T, _, W,, of period 4.

[_'Y’ 0,c, 'Y] P12];,—lm=

The subgroups of order 48.

39. It is first shown that every subgroup T, contains a T',,. A T, not con-
taining a T',, has * 16 cyclic T', and hence a self-conjugate I';. The latter may
be taken to be G, or F by III. For I', = G, T is a subgroup of ¢, and
hence is conjugate with H, of § 29, which contains the substitution (£,£,£,)C, C;
of period 6. For I' ;= F ., ', is a subgroup of G,,. Since G, contains at
most 16 conjugate T',, all of them must belong to I';;. Hence the latter is
{F,, W(,EE,)}, which contains W (E,EE,) B, of period 12, its cube being
B,C,C,.

We consider in turn for T',, the types of non-conjugate subgroups of order 24.
Now C.,, F,, F;,, and G, are excluded, being self-conjugate only under G,
G, Gy and Gy, respectively. Again, Gi,, Ly and 7, lead only to G;
@,, leads only to H,y; L, leads only to G-

The group G, is self-conjugate only under H,,. The operators of period 2
belonging to H,; but not to G, are given by (36) and

(50) ¢c, c.qc, co, eaq, ca, o0, cc, Cce,.
Any one of the set (36) extends &, to G,;, given by (42); any one of the set

(50) extends G';; to H,,, given by (43). Next, C(&£,)(£ &), where C ranges
over the operators of G, other than 7, C,C;, C.C,, C,C,C C,, give the oper-
ators of period 4 of H,. Their squares all belong to G;;. Now C,C, B, ex-
tends Gy, to

(°1) Hi= {H, (&E8))

composed of the substitutions of G',; and =B,, = (£ &,)(&,€;), (€&, (E,E,),
where = ranges over the set (50). It contains all the CB, of period 4 except
c,C, B, CCB, C,C,B, CCB,, each of which extends G, to
(G5, B,)= @;; it contains all the C(& & )(E,E,) of period 4 except for
Cc= 0,0, C,C,, C,C,, C,C,; while, for these, C(§ &,)(&,&,) extends G, to
G, ; likewise for the C'( £ £,)(€,£,). Finally, the operators of period 6 of H,
are the I'(£,£,£,)*", where T' ranges over the operators of G other than 7,

* MILLER, Quarterly Journal, vol. 30 (1899), p. 245.
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c,C,, C,C,, C,C,, which furnish operators of period 8 belonging to G,.
Hence the squares of those of period 6 belong to G;,. Any Z(§,£,)*,
where 2 is one of the operators (50), extends G, to H; the remaining ones
belong to G}, .

Finally, F,; is self-conjugate only under Glg. To the latter corresponds
(Linear Groups, §189), the abelian group

"a b 0 0

c a0 0 ad —be =1

52 G,.={=x - ,

( ) e iO 0 a, bl [aldl—blclgl]
(0 0 ¢ 4

since the second compound of the general operator (62) leaves ¥, and ¥, un-
altered. By IV the binary group I',, has a single set of conjugate subgroups
of each of orders 2, 8, 4, 6, 8, but no group of order 12. Hence every sub-
group of order 48 of (52) is conjugate with &= (I',, I',,). Hence if a subgroup
of G, is of order 48 and contains F7;, it is conjugate with

(83) Fy={T, L(&EE) W, TW?(EEE), (T ranging over F)}.

The subgroups of order 48 are conjugate with G, Hy, G, H  or F.
40. THEOREM. Within O, the group G 4 is self-conjugate only under itself .
An operator which transforms G into itself must transform its 3 subgroups
of order 16 amongst themselves. By IIL,, G|, is self-conjugate within O only
under J3, = { G, C,C,}. Now C C, transforms B, W into WC,C,C,C,,
which does not belong to G .
41. TaeoreM. Within O, the group H,,is self-conjugate only under H,,.
By III, bottom of p. 20, H, is self-conjugate only under a subgroup of G-
But the only even substitutions on £, - -, £, which transform (£,£, &) into itself
or its inverse are the powers of (£, ) and (§£,)(EE,), (E£)EE,), (EE)EE,).
42. THEOREM. Within O, the group G}, is self-conjugate only under H,,.
By the foot-note to § 28, G, is a-subgroup of H,,. Now G is one of 3
conjugates under G;; and is self-conjugate only under a subgroup I,, of O.
43. Tueorem. Within O, the group H', is self-conjugate only under H,,.
By the method of § 42, the proof follows from § 89.
44. THEOREM. Within O, the group F is self-conjugate only under

(54) Gy = {T, T(EEE)W, TW?(E,EE,), (I ranging over Gy,)} .
Indeed, F'

s 18 self-conjugate under ¥, while within O it is self-conjugate

only under G, by IIT,,. For another proof, see end of § 39.
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The subgroups of order 54.

45. TaEOREM. Within G, the groups of order 54 fall into 8 distinct sets
of conjugate subgroups. As representatives, we may take

(55) Gu=(Gz7, Tz,—l)s KM=(K;73 Tz,—1)9 K;4=(K7’ Plsz,—l)°
They are self-conjugate only under the respective groups G, H,,, H,

108° “L216°

A group of order 54 contains a self-conjugate group of ordf:r 27.6 The
latter may be assumed to be H,, K, or G, which are self-conjugate within
G only under Gy, H,,, G, respectively (II, pp. 878-380). Hence H, is
excluded.

The only operators of period 2 in Gy are [0, a, ¢, 0]7; _,, as shown
directly or by § 50. Each is therefore (§ 13) conjugate with 7, _, within Gy,
which has G, as a subgroup.

In order that the general operator (19) of IL, in A, shall equal its inverse
S7tor 8T, _,T;, _,, the conditions are, respectively,

a,, = 0, a

ay =3, 22 229 21

1

80 Oy =y, Tu=Ta=0,7,=—,;

a — 8y 0y = — 8y, 0y = — 81ps Oy = — 0y Yy = Yy

11

In the first case, the abelian conditions (see (19) of IL, ) give
a4, 8, =aj+ ,8,=1, oy (0 0y )= 85 (0 + @) =y, (2, ) =0,

so that the substitutions of period 2 are

1 0 %y T | 1 0 0 Y1z
0 1 0 0 0 1 0 8,
=+ I s == .
0 — Y2 -1 0 812 = %2 -1 0
L0 a, 0o -1 J L0 0 0 —1 |
ro 0 1 Vi ]
l 0 0 0 1
* |
1 —v, 0 0 |
|L 0 1 0 0 j
The first is transformed into a like substitution = with , = 0 by
A4.,: £ =& —a,&, N, =M, + %7,
which belongs to H,,; while 2 is transformed into 7, _, by
Bm: f; = 51_712’72’ E:’»= 52_712’71’

likewise in Hy. Transforming the second by A4, , we obtain one of the third
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type. The third type is transformed into P,, by L, ., which belongs to Hy.
But H,, contains Z, (§ 5) which transforms Py, into 77 _,, identical with 7, _,
in the quotient-group.

In the second case, the abelian conditions give

—a}, +a,d,=—a,+a,d,=1, ay(a, +a,) =0, 8,=(a,+a,)=0,

so that the substitutions of period 2 are

{ a, Tu Ay Y12
0 —aqa, 0 8,
=+ s (Yube—ou Y + a7, =0).
— &, Y — % Va2
Lt 0 —a, 0 ay,

Transforming by A_, 5., we obtain a similar substitution with a;, = 0. Trans-
forming the latter by B, , we obtain a similar substitution with a;, = v, = 0.
Transforming by the substitution Z, , .. . of H,, we havealsory,, = 0. Hence
¥y = 0, so that the final substitution is P,,7; _,. Since the latter has the
characteristic determinant (o + 1)? while the only operators of period 2 in K,
viz., [0, 0, ¢, 0]7, _,, have the characteristic determinant (p?— 1), the
resulting groups KA, and A ;, are not conjugate.

To find the largest group in which KX, is self-conjugate, we seek the opera-
tors (19) of Il which transform P,,7, _, into one of the 9 operators
[—v,0,c, 9] P T, _, of period 2. The conditions are

oy = Ea, ay=Fa, 821 = :tslz’ 822 = :an’

8y + 8 =y — Yoy ¥, — 08 = vy E Ay
The latter serve merely to determine ¢ and ¢ uniquely, since the determinant
8%, + &, will be seen to be 4= 0. The abelian conditions reduce to

all 8ll + alz 812 = 1 4 aIZ 8Il - all 8!2 = 0 ’ all 721 + a12722 -+ al2lyll + all '712 = 0 *

For o, =0, then a,=38,, 8§, =0, ¢,=—v,. For a, =1, either

a,=8,=0,8,=1,0r a,==+1,8,==x1, §, =—1. The resulting
group is H ..

For K, wé seek the operators (19) of II,, which transform 7, _, into one of
the operators [0, 0, ¢, 0] 7, _, of period 2. The conditions are

y=a0,=8,=4,=0, Yie = €8y, Vo =083

a,=a,=0,=0,=0, ¥ = cd,, Vop = €85,

according as the upper or lower signs are taken. In the first case, the abelian
conditions reduce to ,8, =1, a,,8,, = 1, the resulting substitutions being the
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U of §3. In the second case, the abelian conditions reduce to a,8,=1,
a, 6, =1, the resulting substitutions being the V of §3. The U and the V'
form H .

The subgroups of order 60.
46. THEOREM. The subgroups of order 60 of O fall into two distinct sets

’

of conjugates, represented by G, of 1L, and G, which are self-conjugate*
only under G, and G, , respectively, wheret

(56) G(,;o= {(5152535455), Q}’ Gl20= {Geo’ 2}’ G;m): {Géo’z}’
@ and 2 being respectively

(-1 —1 —1 0 1 (-1 —1 —1 -1 0
-1 0 -1 —1 1 -1 -1 0 —1 -1
¢ |—1 -1 0 —1 1/, 0 -1 -1 -1 —1
0 —1 —1 —1 1 -1 -1 -1 0 —1

1 1 1 1 0/ -1 0 —1 —1 —1]

Since no subgroup of order a divisor of < 60 of 60 is self-conjugate in a '
by the earlier results (see the table), a subgroup I',) must be simple and hence
simply isomorphic with the alternating group G'&) on § letters. }

Within O, all the operators of period 5 are conjugate by I. Hence we may
assume that I contains the linear substitution A = (£ &,£&,£,). The cyclic
group @, generated by it is seen (§ 21) to be self-conjugate only under

58) G,={4,2}={4% 4'%, A'3*, 4'3%(i=0,1,2,38,4)}.
Since 2* = (£ "Ez)(é3 £,), the only operators of period 2 in @G, are
(6&)(&8), (§&)(LE), (LE)(&E), (L&) (&E), (&§)(&E),

which are transformed into each other transitively by the powers of 4. They
belong to I’ since it contains 5 operators of period 2 which transform G, into
itself. Now I’ is simply isomorphic with the abstract group generated by A,
and B where

(59) A= B = (A4, Byp=1.

*Cf. Proceedings of the London Mathematical Society, vol. 31 (1899), p. 53.

1 Note that 2= W2(£§,656,6) W2(§,66.06:5)00 GG 0, Q= GOWC G (§,6)(£:46,)27,
so that 2 and @ belong to O.

1 To give another proof, a T'y, contains 1 or 6 conjugate Iy, But a I'; is self-conjugate only
under a Ty, within O. Hence a subgroup T, contains 6 conjugate I'; and is simply isoraorphic
with G} (BURNSIDE, The Theory of Groups, pp. 107-108).




154 L. E. DICKSON: DETERMINATION OF SUBGROUPS [April

These relations are satisfied when A, =4, B=(§,)(E,), whence
(&,8,)(&,€,) B becomes (£ £,)(E,¢,) of period 2. Hence the normalized T,
which contains 4 and (€ &,)(£,£,), may be generated by A4 and a substitution
B such that B, (§£,)(&,€,) B and AB are of periods 2, 2 and 3, respectively.
Now the condition that an orthogonal substitution shall be of period 2 is that its
matrix be symmetrical with respect to the main diagonal. Hence B and
(£.8,)(E,E,) B are both of period 2 if and only if

ay

alZ a22 a23 als a25

B=\a, ay o, a, a,
Ay Xy Gy Ay Ry
| %15 Fos Fps Fyp Oy

The orthogonal conditions on the 1st and 4th rows, 2d and 3d rows, give
(60) —aya,—a,a,+a; =0, — 0y — Gy 0y + 0y, = 0.
The orthogonal condition on the last row gives a, — a?, — aZ, = 1, whence
a,==x1, a,=a,=0; or a,=0, a,+0, a,+0.

In the first case, we find that

0 e =1 E: Xy afz_auals
a, -0 oy e 000, a0y
(AB)-I =10y coe 0, (4B )2 = Fa, - a'f3+alza23+a"a22
s Tt 0 Fay e gt a0+ oy,
L %14 OJ L o .. *a,
Equating these when the lower signs are taken, we get o, =0, a,= —qa,,
a,=0, a,a,=1, which are contradictory since —1 is a quadratic non-

residue of 3. For the upper signs,
— —_ 2 —_ —
ay = O’ O3 = Ayyy Xy — ) X3 = 1’ TN + a2, + Ay Gy = O’
2 —
a3 + P + Ay Fgy = 0.

2 2 — —_ —_— — —_—
Hence o, —a? =0,sothat ¢\, = 2, =0, a,+0,a,=0,a,=0. Hence

B=(§1§z)(§3‘f4) or (5152)(5354)01020304'

The latter is excluded since its product by (& £,£,£,£,) on the left is not of
period 3.

In the second case (a,

= 0), we equate the coefficients in the first and fifth

rows of the matrices for (4 B)™" and (ABY, and get
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4 = 1+ 0y Oy =+ Oy Oy + O3 @y Oy == 0y Oy Oy Oy Oy O+ O O+ O Oy

—3 — = — 2 — —
a=1—aya,, a,=14a,0,+ a0, +a,0, 0=a,—a,a,—a,a,

— o2 -
gy = Oyt Oy Oyt Oy Oyt 0y Gyt O By Oy 5= 0y Oy Oy Oy - Oy Oy o 00y O
Oy == Oyg Oy Oy Gyt Oy Byt Gy Oy + 0y gy Oy == Oy Oy - Oy Qg 0Ly O - Oy e

From the first, third and fourth it follows that

g=1—a,—a,a,+a 0, —aza,0,, oa=—1+4o0,—a,—aa, —a;0,.

Eliminating a,,, a,, a,, from the second condition of the preceding set and
from the first relation (60), we get, respectively,

af3(al5 - 1)(1 - azs) + am(awan + a — ay + 1) — 0y = 0’
af3(a|5a25 — ) + A (Xt — o — @y — 1) +14a,—a,=0.

Eliminating o?,, we get (a, + a,)(a, +1)=0. If a = — 1, the second
becomes
(1 — ay) + a0, —a,=0.

By trial, a, is neither 0 nor —1. Hence a,=1, a,=1. Thena,=-1,
a,=—1,a,=0. The last four of the above set of 9 conditions then reduce
to a,=a,= —1. But the resulting substitution AB is not of period 3.
Hence must a,=+1, o,=—a,. Hence a,=+1, a,=—1. Then
a,=—1,0,=—1,a,=0. Thelast four of the above set of 9 conditions
then reduce to a,, + a,; = — 1. For these values of a, the necessary and suf-
ficient condition that A ¢) shall have period 8 is a,, = 0. The resulting substi-
tution B is () given by (57).

Since G, is self-conjugate only under &,,, while I,/ contains but 6 conjugate
groups of order 5, it follows that at most 120 operators of O transform I’y into
itself. That G is self-conjugate under G, follows from the fact that =, an
operator of period 4 defined by (57), transforms (& £,£,€,£.) into its square,
and (£ &,)(E¢,) into (£,€,)(&E,). That G, is self-conjugate under G, fol-
lows since = transforms @) into (£ &,)(£,€,)Q(&E.8,&,E), an operator of G, .

Finally, G, and G}, are not conjugate within O. If an operator 7' of O
transforms G, into G, and any subgroup G, of G, into G and if S be one
of the existing operators of @,,, which transforms G;  into itself and G, into
G,, then S-'T transforms @, into itself and G, into G . Hence S—'T
belongs to G,,, a subgroup of G';,. Hence 7 belongs to G|,, and transforms

120
G, into itself, contrary to hypothesis.

The subgroups of order T2.

47. Every I, contains 1 or 4 conjugate I',. If a I'j is self-conjugate, the
quotient-group I', /T’ is a group of order 8 having a subgroup of order 4, so
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that I', has a subgroup of order 36. Let next Iy be one of 4 conjugate sub-
groups of I',. The group I' which transforms into itself each of the four is
self-conjugate under I',, and ¢ is a divisor, less than 18, of 18. Evidently
g=3="T2/4!,and g + 9. If g=6,I must be cyclic, since a non-cyclic sub-
group of order 6 of G is self-conjugate only under a group of order 36 or 108
(§7). Moreover, the cyclic I', are self-conjugate only under subgroups conju-
gate with G, Ky, or G5, (§ 6). Hence we may take I'y= C;, '), = G,.
Finally, if g = 3, I, /T, is simply isomorphic with the symmetric group on 4
letters, so that I, conta,ins a subgroup of order 86. Hence I, is conjugate
with G, or else contains a subgroup of order 36.

The subgroup K is excluded, since it is self-conjugate only under itself
(§34). Each of the groups Gy and H 3 leads to G7; only (§§86, 37).  Finally,
K 3 is self-conjugate only under H,, (§35). A substitution which extends A 3
to a I';; must be an operator of H,, of period 2, 4, or 6, whose square belongs
to A3 (§5). For those of period 2, we may take P, T, _,, T} _, or W, (§5),
of which the first two belong to K i and are excluded. But W, extends K
to G7;. Those of period 4 are conjugate with T, _, W,, whose square P,, 7, _,
belongs to A 3; it extends the latter to G7;. As at the end of §33, we
may restrict the operators of period 6 to W, =[1,0, —1, —1] W, and
[—7.0,0,9]T, _,, the latter belonging to & ;; and the former extending it to
G- Hence Ty, is conjugate with G, if it contains a subgroup of order 36.

Since 7, _, is the only operator of period 2 in G, an operator which trans-
forms G, into itself must be commutative with 7, _, and hence by I,y be one
of the operators 4 or AP, where A is an operator (52). Considering the
binary substitutions on £ and 7,, we must have

EHEDCICD  wmeon

k to be suitably chosen. Hence ¢=0,a = kd. Since ad =1, we have
a=d==+x1,k=1. Placing the ambiguity of sign in front of the matrix
for A, we may take a = d = 1. Hence 4 belongs to G,,. But P, does not
transform @, into itself. Hence G, is self-conjugate only under itself.

Since G}, is a subgroup of H,, the largest subgroup of G in which K" is
self-conjugate, Ay is the only subgroup of order 9 of G';,. Hence the latter
is self-conjugate only under a subgroup of H,,. Now [1,0,0,0], which
extends G7, to H,, transforms W, into [0,0,1,1] W,, which does not
belong to G Hence (7, is self-conjugate only under itself.

That G, and @7, are not isomorphic follows from a consideration of their
operators of period 2 or of their subgroups of order 9.

THEOREM. Within G there are exactly two distinct sets of conjugate sub-
groups of order T2. As representatives we may tuke @, and G7,; each is
self-conjugate only under itself.
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The subgroups of order 80.

48. A T, contains 1 or 16 conjugate I',, the first alternative being here
excluded (§ 2). Having 64 operators of period 5, Iy, contains a single T',;, which
is therefore self-conjugate. Hence I'; is conjugate with G, (III). If G be
taken as ', ;) must be a subgroup of G, by III, bottom of p. 20. Every
operator of period 5 in the latter is of the form P C, where C belongs to G,
and P is a cyclic permutation of £, ..., £. Within &, P is conjugate
with (£ £,&,£ ) or its inverse. Hence T'y) is conjugate with

(61) Gso= { Gm’ (51§2§3£4E5)} .

A substitution commutative with G, must be commutative with & and
hence belong to G,,. Of the even substitutions on £, - - -, £, only the powers
of §=(EEKEEE,) transform the latter into itself, none transform § into
either S* or S3, while (£,£,)(&,€,) transforms .S into S*.

TaEOREM. Within G, every subgroup of order 80 is conjugate with G,.
The latter is self-conjugate only under

(62) G = { Gys (§:6:5E,E), (£E)(&E)}-
Subgroups of order 96.

49. Any I'; contains 1 or 3 conjugate I',,. In the first case, we may take
G, as T',,, so that T’ is a subgroup of G, the group of all substitutions re-
placing & by = £,. An operator of period 3 of G, must replace & by + £,
and hence belong to Gy = [G,,, W, (£,EE,)]. We may therefore limit Ty
to the groups obtained by extending G, by respectively W, (£,E,£,), W(,E,E,),
W(E,EE). But C C; transforms G,, into itself and W(E,EE,) into
W?(E,EE,), the inverse of the last extender. The three remaining groups
are G of §44 and

(63) J96 = [Gsz* (52‘5354)]} 'L96 = (Gzz’ W)

Sirnice each has a single subgroup of order 32, an operator transforming one of
them into itself or another must transform G, into itself and hence belong to
G- Now G, J, and L, are each self-conjugate in G,,. Moreover, C,C
transforms W into W2, (£,£,€,) into itself, and G,, into itself. Hence J,,
and L are each self-conjugate only under the subgroup Gy of O, and are
not conjugate within O; but Gy is self-conjugate only under Gyy.

Let next I'y; contain 3 conjugate I',,. Let I') be the group of the operators
of I'j; which transform each TI',, into itself. Then ¢ is a divisor of 82, g <32,
g =96/3!. Henceg =16. Since I'is self-conjugate in I';;, T',; is conjugate
with #'; or G ;. Taking ', = F |, we have ', = G,. Taking I'; = G,
we have I'y as a subgroup of G, Within the latter, ', is conjugate with
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H,,, defined by (22). We first transform one of the operators of period 3 of
G, into (£,€,£,) and proceed as in § 41.

By IIL, bottom of p. 20, H is self-conjugate only under a subgroup of
G- But the only even substitutions on £, - - -, &, which transform (£ &,)(§,£,),
(&) (&,E), (£.E,)(¢,E,) amongst themselves are these three and the powers
of (£,€,&). Hence Hy is self-conjugate only under itself within O.

The Subgroups of order 108.

50. Any T, contains 1 or 4 conjugate I',,. Let first T, be self-conjugate.
Then T’ /T, has a subgroup of order 2, so that T, has a self-conjugate sub-
group I',,. For the latter we may take G,,, K, or K (§45). But A,
leads to 1 only (§ 45).

Next, @,, is self-conjugate (§ 45) only under the group G,
(2) of I1,,,. The square of (2) is*

of the operators
1 —k—ya*+ Bc*+ac(a—3) a+aa+cB c+cd+tay)
0 1 0 0
0 (1+4a)(ac—ya)+v(Bc—da)  a®+By v(a+38)
0 (1438)(Bc—38a)+B(ac—ya) B(a+3d) &+ By

This operator belongs to G, only when a = &, 8 = v = 0, whence (2) belongs

(ad—By=1).

e ——

to G,,,ora= — 8, + By = 1, so that &= must be —. But there exists
(IV) a binary substitution of determinant unity which transforms (§ _Y) into
01

_Y ). Hence,in the second case, (2) is conjugate within G, with [%, a, ¢, 0] .M,
where M, replaces £, by 5,, and 7, by — £,. Hence every I'| ; defined by &,
is conjugate with

(64) GIOS = ( Gsv Mz)'

Finally, A, is self-conjugate only under /7, (§ 45). Within A, the opera-

tors of period 2 are conjugate with P,7, ,, 7, , or W, (§5), the first

belonging to & ;,, the second and third extending it to respectively A, and
(65) Ky = (K3 Wy) = (Hy, PpT, 5 Wy).

The operators of period 4 of #,,, are conjugate with 7, _, W, (§5), whose
square P, 7, _, belongs to K , so that it extends &, to

(66) K;'os= (K;u Tz, -1 Wo) = (K27’ Plsz,—n Tz,_xufo)-

Consider lastly the operators of period 6 given in the theorem of § 5. Their
squares (§ 33, end) all belong to K, so that none are excluded. But

* Hence (2) is of period 2 onlyif 8=y=0,a=0=—1, k=0, giving [0, a, ¢, 0] T, 1.
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W,=1[1,0,—1, — 1] W, extends K;, to Ky, [£,0,0, y]7, _, extends
Ky to H g, while [£1,0,0,0] 7, _, P, belongs to K ,.

We pass now to the case in which Iy, is one of 4 conjugate subgroups. The
group I, of the operators of I, which transform each of the four T',, into itself
is self-conjugate under I, and ¢ is a divisor < 27 of 27, while ¢ = 108/4!.
Hence g = 9, so that T, is conjugate with A or K (IL,,). In the first case,
T\ is conjugate with Z, ;. In the second case, I, is conjugate with a sub-
group of H, .. Since I, /T, is simply isomorphic with the alternating group
on 4 letters, which contains a self-conjugate group of order 4, I, contains a
self-conjugate group of order 86. By §§ 34-37, this must be of the type A3,
which is self-conjugate under /7, ;. Applying a suitable transformation within
H,;, we may assume that I',, contains also A, , with which all the subgroups
of order 27 of /1, are conjugate, so that I',, = H .

Since H,, contains a single group K, of order 27, and since K, is self-con-
jugate only under H,, H , is self-conjugate only under a subgroup of H,
But H,, is self-conjugate under H .

Since (G, contains a single group G, of order 27 and since G, is self-con-
jugate only under G, Gy is self-conjugate only under a subgroup of G,,.
The latter affects £, and 7, by a binary group of 24 substitutions (% }) of determi-
nant unity. Within the latter, the group {1, 7T, _,, M,, T, _, M,} is self-con-
jugate only under a group of order 8 (IV). Hence ¢
under

48 °

10s 18 self-conjugate only

(67) G, ;= {operators (2) of IL,, with a=8==+1, B=y=0, or else a4 6=0}.

Finally, &}, and K7 are self-conjugate only under H,,.
Within G, the subgroups of order 108 are conjugate with H ., G, ., K

’
108 108 ? 108
4 . .
or K. These are self-conjugate only under H,,, G, ., H, , H, , respectively.

The subgroups of order 120.

51. THEOREM.*  Within G, every subgroup of order 120 is conjugate with
Gy or Giy.  The latter are self-conjugate only under themselves.

Every I',,, is composite. By the earlier results (see table), a I',) has no self-
conjugate subgroup of order << 60. We may therefore assume that it contains
G, or Gy, whence I' ) is G, or G, respectively (§46).

*Second proof : A T, contains 1 or 6 conjugate T, the first case being here excluded. Since
T';5 thus contains a Iy, but no self-conjugate subgroup lying in Ty, it is (DYCK) expressible as
a transitive substitution-group on 6 letters and hence is simply isomorphic with the symmetric
group on 5 letters. A third proof depends upon the 5 or 15 conjugate Iy, there being no primi-
tive group of order 120 on 15 letters (MILLER, 2) ; while of the two imprimitive groups, one has

substitutions of period 15 and is excluded, and the other is isomorphic with G{3 (KUHN).
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Exclusion of the order 144.

52. Every T, is composite.* By the earlier results, a group of ordera
divisor < 144 of 144 is self-conjugate in a group of order a multiple of 144
only when it is conjugate with &,, F,”, F};, or Gy. Of these, F;” and F,
are self-conjugate only under G, which has no subgroup of order 144 (see
end of §39). Again, ¢, and G, are self-conjugate only under G, which
corresponds to the abelian group (A4, P,), A being defined by (52). Since
the group G, of the A has no subgroup of index 2, I',, must contain 4'P,,
'and exactly one fourth of the operators 4, the latter consequently (IV) formiug
a group given by the direct product (T, I',,) of a I'; on one pair of the vari-
ables £, 7, and a '), on the other pair. But A’P,, transforms (T, I',,) into
a group (T,,, ;). Hence I',, does not exist.

The subgroups of order 160.

63. A T, contains 1 or 5 conjugate I',,. By III, a subgroup I',, of G is
self-conjugate only under a I',, ora I';.. The group I'  transforming each of
the 5 T, into itself is self-conjugate under I';; and ¢ is a divisor < 32 of 32.
But by III no subgroup of order 2, 4, or 8 is self-conjugate under a T .
Hence g = 16 and T, is conjugate with G, I',, with a subgroup of @, .
Proceeding as in § 48, we find that T' ) is conjugate with & ,.

The 5 subgroups of order 32 of &, are conjugate within G with J%, of III,,
which is self-conjugate only under G,. Hence G, is transformed into itself
by at most 320 operators of G'. (This also follows from the fact that G, con-
tains 16 conjugate I';.) But (' contains no I',, (§ 59).

THEOREM. Within G, every subgroup of order 160 is conjugate with G,
which is self-conjugate only under itself.

The subgroups of order 162,

54. A T, contains a single T'; . The latter may be taken to be G, of II,,,
whence the former is G, of 1L, since G, is self-conjugate only under G,.

TaeEorEM. Within G, every subgroup of order 162 is conjugate with G,
which is self-conjugate only under itself.

*The proof may he modified so as not to assume that I',,, is composite. It has1, 3, or 9
conjugate [';, the first case being excluded. If [';; is one of 3 conjugates the largest group I'y
transforming each into itself is of order 24 and hence conjugate with F,; (§§22-32). If I'4is
one of 9 conjugates, ¢ is a divisor < 16 of 16. If g==8, I, is conjugate with F,”. Also g 4
by III. If g=2, T, is conjugate with {I, T»,_1}, so that I;,, isa subgroup of (4, P,,). If
g=1, I',,, is simply isomorphic with a transitive substitution-group on 9 letters. Such a group
contains substitutions of period 8 (COLE, 1) and is here exeluded.
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Exclusion of the order 180.

55. A T, is composite.* By the table, no subgroup of order =90 of &
is self-conjugate in a group of order divisible by 180.

The subgroups of order 192.

56, THEOREM. Within O, there are exactly two distinct sets of conjugate
subgroups of order 192, represented by G, and H,,; G, is self-conjugate
only under itself, and H,, only under Gy;.

We may take G, as one of the conjugate subgroups of order 2%in I'y;,. If
G,, is self-conjugate, I, = G, by III, . Next, let @, be one of 3 conjugate
subgroups. The group I' of the operators of I',,, which transform into itself
each of the three groups of order 64 is self-conjugate under I',. Moreover,
g <64 and g =192/3!, so that g = 32. Hence I is conjugate with G,,.
Taking I' = G,, we have T', as a subgroup of G, Under the latter, G,
has exactly 3 conjugate subgroups: G, WG, W, WG, W?. Hence
sz = (Gsv W) = I{wz'

A substitution which transforms G, into itself must belong to Gy, by 111,
bottom of p. 20. But the even substitutions on £, ---, & which transform
G, into itself do not alter £. Hence G, is self-conjugate only under itself.

A substitution S which transforms /, into itself must replace & by a,£,,
s =5, by III,,. Likewise, S~ must replace & by a,§, ¢t =5, so that S
replaces £ by =£,. Hence S= S'(EE, ---£), where S’ leaves £, and £
unaltered except in sign. Then s= 5 ; for if not, §’' = C'S”, where C is a
product of the C,, and §” permutes the variables other than £, and £,, so that
8 transforms (£ &,)(,E) into a substitution permuting certain variables
including £, and hence not in /A ,,. It has now been shown that S belongs to
Gy Inversely, (£,£,&,) extends H, to Gy and transforms H,,, into itself.

The subgroups of order 216.

§7. AT, has 1 or 4 conjugate I',,. Let first T',, be self-conjugate. Since
T,,/T,, has a subgroup of order 4, I, contains a I, ;. Since the latter con-
tains T, self-conjugately, it is conjugate with H ., G\, K, or K7, (§50).
The last three lead only to G, and H,; (§ 61, end). If T =H  , T, isa
subgroup of H,,. But H /K, is simply isomorphic with the symmetric group

* We may proceed otherwise. A T4 contains 1, 4, or 10 conjugate I'y. By II, the subgroups
of order 9 are self-conjugate only under groups of orders 27, 108, 162, 216. Hence a subgroup
T4 contains 10 conjugate I'y. The group I'; transforming each into itself is self-conjugate under
T\ and g <<18. As before g 9. Also,g+6,9+3,9+2 by §§6, 7, 3 and III. Hence
T',go is simply isomorphic with a transitive substitution-group on 10 letters. But no such group
exists (COLE, 2).

Trans. Am. Math. Soc. 11
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on 4 letters, whose subgroups of order 8 are all conjugate (V). Hence T, is
conjugate with A,  , and H, is self-conjugate only under itself within G'. Let
next I', be one of 4 conjugate subgroups. The group I', transforming each
into itself is self-conjugate under T, and ¢ is a divisor < 54 of 54, while
g =216/4!. Hence g =19,18,0r 27. If g =9, T is conjugate with Ay
and T, with H, (IL,). If g=18, T has a single T, consequently self-
conjugate under I', ;. If g = 2T, we are led to the first case.

THEOREM. The subgroups of order 216 are conjugate with G, or H,,

the former being self-conjugate only under G, and the latter only under itself.

The subgroups of order 288.

58, Since * a I',; has a self-conjugate subgroup of order = 144, it is conju-
gate with G, or with a subgroup of G, (by the table). In the latter case also,
it is conjugate with G, (§ 52).

By III,,, a substitution which transforms G, into itself belongs to G',.

THEOREM. Every subgroup of order 288 of G is conjugate with G, which
is self-conjugate only under G, .

576

Exclusion of the order 320.

59. A T, contains 1 or 5 conjugate I';,. But a subgroup I',, of G is self-
conjugate only under a I',,, (IIL, ). Hence T, is one of 5 conjugates. The

+ 192
group I' transforming each into itself is self-conjugate under I, and g is a

divisor < 64 of 64, g = 320/5!. Now the values 4, 8, 32 of ¢ are excluded
by III.  For g = 16, we may take I' , = (7, whence T',, is a subgroup of G, .
Then T,, /T would be simply isomorphic with a subgroup of the alternating
group on 5 letters (IIL,).

The subgroups of order 324.
60. AT, has 1 or 4 conjugate 'y, one of which may be taken to be G, .

324
The latter, being self-conjugate only under &, is one of 4 conjugate subgroups

of I'y,,. If T' be the group transforming each of the 4 into itself, g is a divisor
<8l of 81 and g = 324/4!. Hence g =27. We may take I', = G, or
K, , whence I',,, is a subgroup of G or H,, respectively. But G,/ G, has

279

* For a second proof, we note that a Iy, contains 1, 3, or 9 conjugate I';,. If I';, is self-con-
jugate it is conjugate with Gy,, and Iy, with a subgroup of Gy (III). If one of 3 conjugates,
the group transforming each into itself is of order 48, so that ',/ I',s has a subgroup of order 3,
and Iy a subgroup I'y,,, contrary to § 52. If Ty, is one of 9 conjugates, g isa divisor < 32 of 32.
But g =16 and g =4 are excluded by 1II ; g =8 leads to a group conjugate with Fiy', whence
Tygs is conjugate with Gyes. For g =2, we may take I', = {I, T3, .1}, whence I'yg = Gpgq (§ 47).
If g=1, Iy is simply isomorphic with a transitive substitution group on 9 letters, which is
impossible (CoLE, 1).
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no subgroup of index 2. However H /K, contains a (single) subgroup of
order 12 (V). Hence I',,, is conjugate with

324

(68) H,, = { operators (19) of IL, with 8 3, — 3,6, =1}.

11 722 1272

The number of operators of G' commutative with /7, is evidently 4 x 162.
THEOREM. Every subgroup of order 324 of G is conjugate with H,,, , which
is self-conjugate only under H,,,.

The subgroups of order 360.

61. A subgroup T, has no self-conjugate subgroup of order = 180 in view
of the earlier results (see the table). Hence it is simply isomorphic with the
alternating group G}, and contains subgroups of order 60. Now (& £,)(&&,)
extends G5 to G%; ; its product by (£ £,)(£,£,) on the left is of period 2; its
product by (£ €,£,£,£,) on the left is of period 3. Hence we may assume that
T',,, has the normalized subgroup I'; of § 46 and an operator B of period 2
such that (£ &,)(&,E,) B is of period 2 and (£ &,£,€,£) B of period 3. Hence
B = (§§)(&&) or Q(§46).

THEOREM. Within O, every subgroup of order 360 is conjugate with

(69) G.%o = {Gy» G5} = {(EEEEE), (61’52)(5354)’ Q}.
The simple group G, is self-conjugate only under
(70) Gy = {Gsso’ =}.
Fxclusion of the order 432.

62. AT, is composite. But no subgroup of order < 432 is self-conjugate
in a group of order divisible by 432 (see table).*

*Second proof. A Ty, has 1, 4, or 16 conjugate I';;. The first case is excluded by III. Let
first Ty; be one of 4 conjugates. The group I, transforming each into itself is self-conjugate
under T3, and ¢ is a divisor <108 of 108, while g = 432/4 ! =18. But g & 27 as before,
g + 18 by §§ 1420, g = 36 by §§ 33-37, g =54 by § 45. Let next I',; be one of 16 conjugates.
Then g is a divisor <27 of 27. But g9 byIl, ¢4 3 by §3. If g=1, I, is simply iso-
morphic with a transitive group on 16 letters. Having no self-conjugate Ty by III, it is no#
primitive (MILLER, 3, p. 229). It is not imprimitive in view of the following theorem and
proof communicated to me August 22 by Professor G. A. MILLER : There exists no imprimitive
group of degree 16 and of order 432, 864, 1296, or 2592. For, an imprimitive group of degree 16
must have 8, 4, or 2 systems of imprimitivity, which are permuted according to a transitive
group of degree 8, 4, or 2, respectively. The latter group may be assumed primitive. Since a
primitive group of degree 8 has its order divisible by 7, the imprimitive groups under consider-
ation would have either 4 or 2 systems. In the former case, these systems would be permuted
according to Gf, or G3,. The head would be divisible by 9, which is impossible since its order
could not be divisible by 144. Hence the required group must contain just 2 systems of imprim-
itivity and hence have an intransitive subgroup of index 2 with constituents of degree 8. This
is impossible since the order of the head would be divisible by 27 so that each constituent of the
head would have an order divisible by 9. The order of such a constituent would therefore be
divisible by 32, so that the order of the entire group would be divisible by 64.
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Exclusion of the order 480.

63. A composite* I',,  may be assumed (from the table) to contain G, and
to be a subgroup of G, whereas G, /G, is simply isomorphic with G} and
has no subgroup of order 30.

The subgroups of order 5T76.

64. A subgroup I, being composite, must be conjugate t with G by the
table of the earlier results. Now G, contains exactly 3 groups conjugate with
G,,, since the latter is self-conjugate only under @, a subgroup of G, (IIL,).

THEOREM. Every subgroup of order 576 of O is conjugate with Gy,
which is self-conjugate only under itself.

The subgroups of order 648.

65. We may assume that ', contains Gy, which is self-conjugate only under
G (Iyy5).  Hence Iy, contains 4 groups conjugate with G,. The group T,
transforming each of the 4 into itself is self-conjugate under I';, and g is a
divisor << 162 of 162, ¢ = 648/4!. Hence g = 81, 54, or 27. As above,
g+8l. If g=54, T, is conjugate with G, (§45). If ¢ =27, T, is
conjugate with G, or H , (1L, II,;)). Evidently the largest subgroup of &
which transforms I';; into itself is of order 4 x 162.

THEOREM. The subgroups of order 648 of G are conjugate with G, or

H,,, each of which is self-conjugate only under itself.

648

The subgroups of order 720.

66. A subgroup I, , necessarily composite, contains no self-conjugate sub-
group of order <360 by the table of the earlier results. We may thus assume
that T,,, contains G, so that it is identical with G,,, (§ 61).

THEOREM.} Every subgroup of order 120 of O is conjugate with G,,),
which is self-conjugate only under itself.

It may be shown that G, is simply isomorphic with the symmetric group
on 6 letters.}

720

* Second proof. A T, has 1, 6, 16, or 96 conjugate T ; 1, 4, 10, 16, 40, or 160 conjugate T.
But a subgroup T; of G is self-conjugate only under a T,,, a T'; only under a group of order a
divisor of 648. Hence I'yy, contains 384 operators of period 5 and either 80 or 320 operators of
period 3, and 32 further operators of a Ty, .

t Second proof. A Ty has 1, 3, or 9 conjugate T, the first case being excluded. If 3 conju-
gates, the group T, transforming each into itself is of order 96, so that I';;; is conjugate with Gy
(§49). If 9 conjugates, g is a divisor <C64 of 64. If g =32 or 2, T, is conjugate with Gy by
III. Also, g+416, g8, g== 4. Finally, g+ 1, since there is no transitive G{js (CoLE, 1).

tCf. Proceedings of the London Mathematical Society, vol. 31 (1899), pp. 30-68 ;

ser. 2, vol. 1 (1903-4), pp. 283-4.
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Exclusion of the orders 810 and 864.
67. Subgroups of these orders are excluded * by the table, being composite.

The subgroups of order 960.

w0+ Deing cowmposite, must be conjugate t with G, by the
is self-conjugate only under itself by III, bottom of p. 20.

68. A subgroup T’
table. Now G

960

FExclusion of the orders 1080, 1296, 1620, and 1728.

69. Subgroups of these orders are composite,{ but contain no self-conjugate
subgroups (table).

*To give another proof for 810, we may assume that Ty, contains Gg,, which is self-conjugate
only under Gy,. Hence Iy, contains 10 groups conjugate to Gg; . But no subgroup of O of
order 27, 9, or 3 is self-conjugate in a Ty, by II. Hence Ty, is simply isomorphic with a transi-
tive substitution-group on 10 letters, whereas no such group exists (COLE, 2).

To give another proof for 864, we note that I'y;, contains 1, 4, or 16 conjugate T',;, the first case
being excluded by II. Let first there be 4 conjugates and denote by Ty the largest subgroup of
Ty, transforming each into itself. Then ¢ is a divisor of 216, ¢ = 36 —=864/4!. The resulting
values 216, 108, 72, 54, 36 are excluded by the earlier results. Suppose next there are 16 conju-
gates. Then g is a divisor <54 of 54. But 27, 18, 9, 6, 3, 2 are excluded by the earlier results.
The case ¢ =1 is excluded by MILLER 3, and the foot-note to § 62.

1 Another proof follows from a consideration of the 5 or 15 conjugate subgroups of order 64,
there being no primitive group G{}> (MILLER, 2) and no such imprimitive group (KUHN).

1 Second proof for 1080. A T, contains 1, 6, 36, or 216 conjugate ;. But a subgroup T is
self-conjugate only under a T,,. Hence Ty is one of 216 conjugates, so that I'jo, contains 864
operators of period 5. It contains 1, 4, 10, or 40 conjugate I';;, the first two cases being excluded
by II. Let first there be 10 conjugates. No group of order g, where 1 < ¢ =108, is self-con-
jugate under a Ty by the table. Moreover, there is no transitive group G{\%, (CoLg, 2).
Hence there are 40 conjugate I',;. If they are of either of the types G,;, K, they form a com-
plete set of conjugates under Gysg,. Now the group K,; of the [k, 0, ¢, v] contains
L;,1=1[1,0,0,0], Li,1L;,1=[1,0,0,1], Ly, 1 Ls,» =[—1, 0, 0, 1], so that the conju-
gates to K, contain 2 (40 4 120 4 240 ) operators of period 3. The group G, of the (&, a, ¢, 0]
contains L;, 1 and also [—1, 0, —1, 0], into which Li, -1 Lz,1 =[—1, 0, 0, 1] is transformed
by the abelian substitution

f; =‘51, 77; =17, g; = $2+ flg ”ézﬂz-
Hence the conjugates to G,; contain at least 2 ( 40 + 240 ) operators of period 3. Hence the con-
jugate T, are of neither of the types Gy, K,;, and hence of the type H,;. By II,, the sub-
groups of order 9 of H,, are the commutative Ky and three conjugate cyclic C;,. Within Gy;gy,
each C, is self-conjugate only under H,, by IIy;. Hence a C, is one of 40 distinct conjugates
within T, so that the latter contains 6 )X 40 = 240 operators of period 9. But there were only
216 operators of period & 5.

Second proof for 1296. A T\, contains 1, 4, or 16 conjugate I'y, the first two cases being
excluded by 1I. The, largest subgroup of T, which transforms each of the 16 T into itself is
of order 1 by II. But there exists no primitive G}, having no self-conjugate I';; (MILLER, 3,
p. 229). There exists no imprimitive G15,, by the foot-note to §62.

Second proof for 1620 (the lengthy case of JORDAN, Traité, pp. 322-9). A T4, contains 1,
4, or 10 conjugate I'y;. But a subgroup Ty, is self-conjugate only under a G,5,. Hence there are
10 conjugates. Now T4, has no self-conjugate subgroup of order 2, 3, 6, 9, 18, or 27, and hence
none of order 54. But there exists no transitive group G{}) (CoLE, 2).

Second proof for 1728. A subgroup of G, of index 15 must be maximal (§2), and hence

requires the existence of a primitive G}, contrary to MILLER, 2.
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Exclusion of the orders 2160, 2592, 2880.

70. If a subgroup of one of these orders exists, it must be maximal (§ 2).
But there exists no primitive group of order 25920 on 12 letters (MILLER, 1),
nor on 10 letters * (COLE, 2), nor on 9 letters (COLE, 1).

Maximal subgroups of G-

71. THEOREM. Ewery maximal subgroup of G, is conjugate with one of
the five groups: Gy Gy Gy Heyy Go.

By the table the only subgroups self-conjugate only under themselves are the
above five and the following non-maximal ones: Gy (in Ghy), G (in Hyg,
since its generators P, L, , T} _,, T, _,, and D are all of the form (19) of
ILy,), Ky (in Hyg), G (in Gy, since its substitutions replace £; by = &),
G (in Go of §89), Hy (in Gyy), Gy and Gy (in Gy), Ghg and Gy
(in Gyo)y Gz and Hyy, (in Hyy).

THE UNIVERSITY OF CHICAGO,
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* Second proof for 2592. A T, contains 1, 4, or 16 conjugate Ty, the first two cases being
here excluded. But a G}%, is neither primitive (MILLER, 3) nor imprimitive (foot-note to § 62).




